| Fibonacci Properties — Paperl| I

Summary

It is an interesting property that for any
Fibonnacci number F, then

Fnk mod Fk =0

that is every multiple of k in F is divisible

by F.. Here is a summary to F,,.

Fo=0

F, = | and obviously applies for F,.
F,=1 index prime so n/a

F; =2 index prime so n/a

Fs=3 3xF

Fs =5 index prime so n/a
Foe=8 4 x Fy

F,=13 index prime so n/a
Fg = 21 7 xFy

Fo =34 17 x F;

Fio=55 1 xFs

Fi, =89 index prime so n/a
F,=144 72 xF; 18 x F,
Fi3 =233 index prime so n/a
Fly=377 29xF,

Fis=610 305xF; 122 xF;

Fie = 1597 47 x Fg
Fi7 = 1597 index prime so n/a
Fig=2584 1292 xF; 323 xF,

76 x Fy
Fi9 = 4181 index prime so n/a

Foo=6765 1353 xF; 123 xF

Initial Investigations

Fanez = Faner + Faneo
Fanes = Fina + Fag
= Fanet + Fneo+ Fnsg
I:3n+3 =2 F3n+| + | F3n+0
Fanta = Faniz t Fann
= Faa v Fanuit Fanit Fanso
= Fant1 ¥ Fanrot 2 Faney + Fanuo
I:4n+4 = 3 F4n+| + 2 F4n+0
Fsnes = Fsnea + Fpus
= Fsnez + Fsniat Fspiat Fope
= Fsnez + 2 Fspip + Fopey
= Fspa + Fspey + 2 Fopu + 2 Fopuo
+ Fsne
= Fsn + 4 Fspey 7 2 Foig
= Fsne1 + Fsnro t 4 Fspy + 2 Fopig
I:5n+5 = 5 F5n+l + 3 F5n+0
Fente = Fenvs + Fonua
= F6n+4 + I:6n+3+ I:6n+3+ I:6n+2
= F6n+4 + 2 F6n+3 + I:6n+2
= Fensz + Feniat 2 (Fgniat 2 Fens)
+ Fene1t Fenvo
= Fensz + 3 Fenaa+ 3 Fnuy + Fenso
= Fensa ¥ Fenst 3 (Fonsri + Fenso)
+ 3 Fene1 + Fenso
= Fensa + 7 Fgney + 4 Fenig
= Fens1 + Fenso+ 7 Feney + 4 Fonio

Fente = 8 Fenei 5 Fopnuo



Hypothesis

The first hypothesis is that clearly when

we decompose F,., we will end up with

A X Fs + B X Fuo

Now setting n = 0 gives

Fe=AXF +BxF,

Now as F; = | and F, = 0 clearly
Fe=kxF +BxF,

Here the value of B is immaterial
Nevertheless our second hypothesis is

that B = Fk—|

We therefore predict F; = |3F, + 8F,
which is immediately obvious

but setting n = |

Flu=I13F+8F

Flay=13x21 +8x13=377

a true statement.

and setting n = 2

For=13Fs+8F;
Fly=13%x610+8x377=10946

a true statement

Formal Proof

Fintk = A X Fioy + B X Fiosg

settingn =0
FE=AxF +BxF,
hence A =k
setting n = |

F2k=kx Fk+| + B x Fk
hence F;, mod F, =0
Irrespective of the value of B

Hence by induction

Fnk mod Fk =0 QED

Narrative

If we decompose say F|, we can see
clearly what’s happening
Fio =Fy + Fg

=F+F+F+F
| Fg+2F,+I1F
F,+ Fg+2 (F¢+Fs) + Fs+Fy
=lF+3F+3F +IF,
Fe+Fs+3(Fs+F,) +3(Fs+ F)

+F;+Fy

| Fe+4F+6F,+4F +1F,
=Fs+F,+4(Fi+ Fy)
+t6(F3+F)+4(F,+F)+F+F
=1 Fs+5F+ 10F;+ IOF,+ 5F + | F

and up to this point we are producing the

terms of Pascals Triangle. But in the next

decomposition the last two terms Fjand F

do not decompose further.

Fio =F4+F3 +5(F;+ F)+ I0(F, + F))

IO(F, + Fo) + 5F + F

=F,+6F+I5FR+25F + 11 F

and we continue with

Fo =F3+7F,+46 F + 26 F,

Flo =F,+54F +33 F

Fio =55F, +34 F, as expected

Thus the number of coefficients of all the

terms double at each decomposition until

the end terms buffer up to F, and Fy and

thereafter pile up until we have just F; and

Fo remaining.
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Pascals and Fibonnacci

The conclusion of the investigation must
be that Fibonnacci numbers relate to
Pascal’s triangle. To locate we have the
terms that actually built up the final F,

coefficient and here they are

;

35 35217 |
28 56 70 56 28 8 |
9 36 8412612684 36 9 |

Numbers on the diagonal lines add to

successive Fibonnacci numbers.

Row Expansion

We can chart the number of terms in
successive row of the expansion of F,. and
it is better to split them into odd and even
rows

2n 2

4n 245

6n 2481213

8nh 24816273334

IOn24 816325880 88 89

3n 23

5n 247 8

/n 24815202l

9n 24816314754 55

IIn24 8163263105134 143 144

It is left as an exercise for the reader to
find the general term for odd and even

rows.



