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Notation

a gradient regression line y on x

C gradient regression line x on 'y

m;  residual of plot (x;, y;)

r product moment correlation coefficient
R?  coefficient of determination

s>  variance of sample

s'2  most efficient estimator of variance

Sy ~ covariance of x and y

Sxx sample variance of x

s, sample standard deviation of x

S.x sum of squares of diff. x and X,

S,y product of sum squares x and y

Xpar arithmetic mean of x (The author apologises for this nomenclature)
9 mean of parent population

c standard deviation parent population

6>  variance of parent population



I Discrete Random Variables I

S1.I Introduction

lf PX=x))=p; fFP(X=x;) =p; ...
If P(X = x,) = p,etc.

then X is a discrete random variable if
Pr+p2---pn=|

written y,> P(X =x) = |

Random variables are denoted by

X, Y, R and particular values by x y r.
The function which allocates the
probabilities is termed the probability
density function ( pdf ) and the results
the probability distribution ( pd).

S1.2 Expectation E(X)

E(X) = 1,2 x P(X = x) or simply > x; p;.
E (X) = pand also E(xy,) = 1

Xpar IS A Statistic whereas

L is a parameter

X is the variable arising from a single
observation, a sample of one from some
population.

Xpar 1S the mean of several observations -
a sample of n in a population.

Some pdf’s have the important property
of symmetry about a central value

E(X) is the midpoint value.

This definition can be extended to any
function of the random variable.

If g(X) is any function of the discrete
random variable

E[g(X) ] = a2 8(x) P(X =x)

Corollaries

E(a) =a

E(aX) = aE(x)

E@X +b) =aE(X)+b

E[fi(X) + f2(X) ] = E [fi(X)] + E [f2(X)]
E(X +Y) = E(X) + E(Y)

X and Y do not need to be independent.

S1.3 Variance

Experimental Approach

For a frequency distribution with
mean X, and variance s2.

s2= ) f(X — Xpar)? / D f

which can be simplified to

Y2 D — Xpa?

Theoretical Approach

For discrete random variable X with
E(X) =

the variance Var(X)

is defined as

Var(X) = ¥ (x - )2 P(X = x)
which can also be written
Var(X) = ¥ (x?)P(X = x) - u?
Note as p* = E [(X)]?

Var(X) = E(X?) — E* [(X)]

Corollaries

Var(a) =0

Var (aX) = a2 Var(X)
Var (ax + b) = a? Var(X)

S 1.4 Cumulative Distribution Function

If X is a discrete random variable with
probability density function

P(X = x) for x = x, Xy, ... X,

then the cumulative distribution function
is given by

F(t) =P (X< t) = XP(X =x)

where t = X, X,...X,



S1.5 2 Independent Random Variables

If X and Y are any two random variables
then E(X +Y) = E(X) + E(Y)

If X and Y are any two independent
random variables then

Var(X +Y) = Var(X) + Var(Y)

For random variables X and Y

E(aX + bY) = aE(X) + bE(Y)

If X and Y are independent, then
Var(aX + bY) = a*Var(X) + b*Var(Y)

Ifa=1and b =-I then
EXX-Y) = E(X) — E(Y)
Var(X -Y) = Var(X) + (-1)*Var(Y)

= Var(X) + Var(Y)
Var(aX — bY) = a*Var(X) + b? Var(Y)
S1.6 The Distribution of X, + X,
X, and X, are independent observations
from the same distribution X
E(X| + Xz) =2 E(X)
Var(X, + X;) = 2 Var(X)

For n independent observations

EQXi + X+ ... X)) = n E(X)

Var(X, + X3+ ... X;) = n Var(X)
Note the distributions of 2X and X, and
X, are very different.

Multiples Sums
E2X) =2EX) E(X, +X;) =2EX)
Var(2X)=4Var(X) Var(X,+X;)= 2Var(X)

In general

E(nX) = n E(X)
EQCX+ Xt ... X)) = n E(X)
Var(nX) = n? Var(X)
Var(X;+ X;+...X,) = nVar(X)

Discrete Probability Distributions

S2.] The Binomial pdf.

If successful outcome is p and failure is
q = | —p and if X is the random variable
of the number of successful outcomes in
n independent trails, then the pdf of X is
P(X=x) ="C,q"™p* x=0,1,2,...n

(@+*p)

="Coq"p’ + "Ciq"'p' + "Coq"p* +...
nquOPn

= P(X=0) + P(X=1) + P(X=2) +...
P(X =n)

X ~ Bin(n, p)

E(X) (mean) = > xP(X —x) = np
Var(X) = E(X?) — E*(X) = npq
which are easily proved.

In general
P(X=r| X~ Bin(n, p) =
P(X = n—r |X ~ Bin(n, p)
P(X>r| X ~Bin(n, p) =
P(X < n—r |[X ~ Bin(n, p)
P(X<r|X~Bin(n, p) =
P(X=n—-r |X~ Bin(n, p)
ie the terms are mirror reflections.

For cumulative probabilities when tables
are not available successive terms can be
calculated from
Port = " TP ik 1)q Pu
where p,,; =P(X=x+ 1) and

Px = P(X=x)

Probability Generating Function
(I—p+pt)



$2.2 The Geometric pdf

In the binomial distribution, the number
of trials is fixed, and we count the
number of "successes".

In the geometric distribution, the
number of "successes" is fixed, and we
count the number of trials needed to
obtain the desired number of
"successes".

PX=x)=q'pwhereq=1-p

is given as X~Geo(p)

E(X) = I/p and Var(X) = q/ p?
PX>r)=q
PX>a+b|X>a)=P(X>b)
Probability Generating Function
pt/{l — (I - p)t}

$2.3 The Poisson pdf

A Poisson distribution is a discrete
probability distribution giving the
probability of an event happening a
certain number of times (k) within a
given interval of time or space.

It has only one parameter, A,

the mean number of events.

P(X =x) =e™ 2*/x!and X ~ Po())
where the parameter A can be any
positive value.

We know e* = | = +A%/2! + ...

so clearly > P, = | so we have a valid pdf

E(X) (mean) = A and Var(X) = A

Mode

The mode is the value most likely to
occur, that is the one with the highest
probability.

If A is an integer there are two modes at
x=A—-land x=A.

This can readily be seen from tables.

If | is not an integer then the mode
occursat A — | <m <A,

If X ~P,(m)and Y ~ P,(n) then
X+Y ~P,(m+n)

Probability Generating Function
Ae=1)
e

$2.4 Poisson approx. Binomial

A binomial distribution with parameters
n and p can be approximated by a
Poisson distribution,

with parameter A = np, if

n is large say n > 50 and

p small say p < 0.1.

The approximation improves as
n—oandp — 0.

For cumulative probabilities the
following recurrence formula can be
used
PX=x+1)=APX=x)/(x+1)
$2.5 The Distribution of X, + X,
The sum of two independent Poisson

variables with parameters m and n is a
Poisson variable with parameters (m +

n).
ie If X~ P,(m) and Y ~ P,(n) then
X+Y ~P,(m+n)



I Continuous Random Variables I

S3.1 Introduction

A continuous random variable is a
theoretical representation of a
continuous variable such as height, mass
or time.

It is specified by its probability density
function written f(x).

If X is a continuous random variable with
pdf f(x) valid over the rangea <x <b
then ,;,) f(x) dx = |

The probability P(c < X < d) = J¢ f(x) dx
that is the area under the curve between

c and d.

As we are concerned with a particular
range we discount any difference
between say < and <.

E(X) = a1« x f(x) dx which is denoted p
and termed the mean of X.

If g(x) is any function of the continuous
randon variable X having pdf f(x) then

E[g(X)] = aix g(x) f(x) dx
and in particular E(X?) = u,J x2 f(x) dx

Corollaries
E(a) =a
E(aX) = aE(x)

E@X +b) =aE(X)+b
E[fi(X) + 2(X) ] = E[fi(X)] + E [,(X)]
as before.
Similarly Var(X) = ., (x — p)x f(x) dx
= i (2 f(x) dx — p2
If f(x) is symmetrical then p will be the

x-value on the line of symmetry
The standard deviation 6 = V{Var(X))

Corollaries

Var(a) =0

Var(aX) = a2 Var(X)

Var(ax + b) = a* Var(X) as before.
Mode

The mode is the value of X for which
f(x) is 2 maximum

S$3.2 Cumulative Distribution Function

If X is a continuous random variable with
pdf f(x) defined for a < x < b then the
cumulative distribution function is given
by F(xo) = P(X < xo) = . f(t) d

and P(x; < X < x;) = F(x;) — F(x))

a is often = —0

The median splits the curve into two

equal haves and ,J™ f(x) dx = 0.5 i.e.
F(m) = 0.5

The probability density function can be
obtained from the cumulative
distribution as follows.

Now F(t) = Jtf(x) dx fora<t<b

So f(x) = Y4 F(x) = F (x).

The gradient of the F(x) curve gives the
value of f(x)

$3.3 The Rectangular Distribution

A continuous random variable X having
pdf f(x) where f(x) = '/, fora<x <b
where a and b are constants is said to
follow a rectangular or uniform
distribution.

We write X ~ R(a, b)

The probability of a variable lying in one
particular range is exactly the same as
the probability that it lies in another
range of the same length.



E(X)='2(a+b)

Var(X) = '/}, (b — a)?

The ‘12’ appears because we integrate x*
the get '/; and square the Expectation to
get % and the product give '/,

cf The variance of the first n integers can
be shown to be '/,, (n> = 1).

E(X?) = (b>+ab+2a%)/3
$3.4 The Exponential Distribution

The continuous r.v. X having pdf f(x)
where f(x) = Ae™ for x >0

where A is a positive constant is said to
follow an exponential distribution.

i) f(x) dx = o] he ™ dx = [e7¥]"
= e+ ¢° = |

E(X) (the mean) = '/,

Var(X) = '/

ECX?) =2/A\2

PX<a)=1-e™

P(X>a)=e™

F(x) = P(X<x) = | —e™for x>0

PX>a+b|X>a=P(X>b)

The exponential distribution can be
regarded as the waiting time between
events following a Poisson distribution

m(X) ="/, < E(X)
nbin2=—1In(/2)

I The Normal Distribution I

S4.1 Introduction

A continuous r.v. X having pdf f(x)
where f(x) = ('/w(zn)) el ('(X'“)z | )
is said to follow a normal distribution

We write X ~ N( 1, 6?)

E(X) = u and Var(X) = ¢?

The maximum value of f(x) occurs at
X=H

The points of inflexion occur at
x=put+ocandx=p—-o

To standardise X, subtract i and + G.
Z="""/sandZ~N (0, 1)

and rearranging X = p + cZ

The pdf of the standard normal variable
Z is denoted by ¢(z) where
0(z) = (‘o) € 7
The cumulative distribution function
D(2) = " (vam) € ~"7 dz

=P(Z < 2)
This integral is very difficult to evaluate
so we refer to tables

The central 95% of the distribution lies
between £ 1.96

The central 99% of the distribution lies
between + 2.575

Under certain circumstances the Normal
distribution can be used as an
approximation to the Binomial
distribution.

If X ~ Bin (n,p) then
E(X) = np and Var(X) = npq

For large n and p not too small or large
X~ N ( np, npq) approximately



The Normal distribution can also be an
approximation to the Binomial.

The larger n the more flexibility on p.

If X ~ P,(A) then
E(X) = A and Var(X) = A
For large A X ~ N(A , A) approximately

Continuity Corrections

As we are using a continuous
distribution to approximate a discrete
variable we make the continuity
correction
egP@<X<b)—>P@a-'"2 <X<b+
2)

$4.2 Summary of Approximations

X ~ Bin( n,p ) approximated by P, (np)
if n>50and p<0.l
X ~ Bin( n,p ) approximated by

N (np, npq)
If n > 50 and p =0.5
X ~ P,(A) approximated by N (A, 1)
if A > 20

I R.V.s and Random Sampling I

S$5.1 Two Independent Variables

If X and Y are two independent normal
variables such that

X~N(u,o?)and Y ~ N(w, , 657
then X+ Y ~N(u, + 1, , 0.2+ %)
and X - Y ~N(u, — 1, 6,2 + 6%
This can be expanded to n independent
normal variables. In the special case
Xi=~N(u,o?)fori=1,2,...nthen
X+ X+ ... X, ~N (hu, nc?

We also have

if X ~N(n, o?) thenaX ~ N(ap, a’c?)
aX + bY = N(ap, + by, , %0, + b%c,?)
aX —bY = N(ap, — by, , a%c/> + b%c,?)

As before be careful to distinguish

between

2X = N(2u , 40?) but

X| + X2 = N(Z},l , 202)

In general

nX = N(np , n*c?) but
X+ X+ ... X, =N(nu, nc?

$5.2 The Sample Mean

If X, +X; + ... X,is a random sample of
size n taken from any infinite population
(or infinite population if sampling is with
replacement ) with population mean p
and variance 6? then the sample mean
Xpar i such that

E(Xpar) = and Var(X,,,) = c?/n

If the random sample is taken without
replacement then

E(Xpar) = 1 and

Var(Xea) = /(YN nc1)



$5.3 Distribution of the Sample Mean

If X, +X; + ... X,is a random sample of
size n taken from a normal distribution
with population mean p and variance G2
such that X ~ N then the distribution of
Xis X~ N (n, o?).

The distribution of X,,, is also normal
and

Xpar ~ N(1t, 6%/ n) where

Xoar = 1y (X) + Xy + ... X,)

The distribution of the sample mean X,,,
is known as the sampling distribution of
means and the standard deviation of this
distribution & / Vn is known as the
standard error of the mean.

S$5.4 Central Limit Theorem

If X, + X, + ... X,is a random sample of
size n from any distribution with mean
and variance c? then, for large n, the
distribution of the sample mean X,,, is
approximately normal such that

E(Xbar) = and Var(X,,,) = c?/n

If the random sample is taken without
replacement then

Xpar ~ N(1, 6% / n) where
Xoar = 1y (X + Xy + ... X,)

If X, + X, + ... X,is a random sample of
size n from any distribution with mean p
and variance c? then, for large n, the
distribution of the sum of the random
variables is approximately normal with
mean np and variance nc?

$5.5 Distribution of Sample
Proportion

Consider a binomial population in which
p is the proportion of successes then the
probability of success in any trial is p.

If a random sample of size n is taken
from this population and X is the
random variable - the ‘number of
successes’ then

X~ Bin(n, p) andfor large n

X~N (np,npq)

Now if P, is the random variable ‘the
proportion of successes in a sample’
then

P, ~N(p, pg/n)

This is known as the

sampling distribution of
proportions and the standard deviation
of the sampling distribution Y(pq / n) is
known as the standard error of
proportion.

Continuity Correction

When considering the Normal
approximation to the Binomial
distribution, a continuity correction of +
/2 is used. Now since Ps = X/n, we use
a continuity correction of + ' ('/,) =

e



Estimation of Population

Parameters

S6.1 Point Estimation

Consider a population with unknown
parameter 0. If U is some statistic
derived from a random sample taken
from the population, then U is an
unbiased estimator for 6 if E(U) = 0.

There are many estimators which could
be formed but the most efficient is the
one which is unbiased and has the
smallest variance.

If U is an estimator for an unknown
parameter q, then U is a consistent
estimator for q if

Var(U) > 0asn— o

From a population with unknown
variance 2, take a random sample of
size n and let

s2 = Y (Xi— Xpar)? / n where s? is the
sample variance then the most efficient
estimator written s'2is "/ (,_j s2

The author recommends using s, for s" to
emphasise and clarify the introduction of
n—I.

For a binomial population in which p is
the unknown proportion of successes if
a random sample of size n is taken then
the unbiased estimator for p is P..

$6.2 Pooled Estimators from 2
Samples

From a population with unknown mean
i and unknown variance c? if we take
two random samples then

U = (N Xpart + Ny Xiara) / () + 1)
s2=(mS;:+ny S2) / (ny + ny—2)

$6.3 Pop. Proportion Pooled
Estimator

PA = (n|PS| +n, Psz) / (n| + n2)
S6.4 Interval Estimation

An interval estimate of an unknown
population parameter is a random
interval constructed so that it has a given
probability of including the parameter.

Consider a population with unknown

parameter 0. If we can find an interval
(a, b) such that

P(a < 8 <b) = 0.95 we say that (a, b) is
a 95% confidence interval for 6.

It is NOT the probability that 0 lies in
the interval.

If Xy, is the mean of a random sample of
size n taken from a normal population
with known variance 2, then a central

confidence interval for 1, the population
mean is given by
(Xoar — 1.96 5/ VN, Xpar + 1.96 5/ \n)

written as Xy, + 1.96 ¢/ \n

If the population is not normal then we

require n to be large - say n > 30.

If x,, and s? are the mean and variance
of a random sample of size n (where n is
large)  taken from a normal population
with unknown mean p and unknown




variance 6?, then a central 95%
confidence interval for L, the population
mean is given by

(Xoar — 1.96 6" /N, Xpor + 1.96 6" / V)
where s™2 = ("/,_)s* = s? for large n
written as X, + 1.96 ¢/ \n

See Appendix D for further z values.
$6.5 t-distribution

The random X is said to follow the t-
distribution if the pdf of X is

f(x) = C, (I +x2v)™"

where C, = T'(V2 (v + 1)) / V(nv) T(V2 V)
and v = number of degrees of freedom.

v represents the number of variables —
the number of restrictions involved in
calculating the statistics.

X ~t(v)

We use printed tables as this is a
complicated function.

fT=Xeo =)/ (S/ V(0= 1))
then T follows a t-distribution with (n —
|) degrees of freedom.

T~tin-1)

If x,, and s? are the mean and variance
of a random sample of size n where n is
small taken from a normal population
with unknown mean p and unknown

variance o2, then a central 95%
confidence interval for p, the population
mean is given by
(Xbar — t S/ V(N = 1), Xpar + 5/ V(= 1)
PXpsr —t S/ N(n— 1) < u <

Xpar + S/ V(n = 1) = 0.95
i.e. (—t, t) encloses 95% of the t(n — I)
distribution.

$6.6 Prop. Success Confidence
Interval

Recalling P,~ N (p, pq/ n)

it is reasonable to assume that an
estimator for pq/ nis P, Q;/ n so we
have

P~ N (p, P.Q/ n)

If in a random sample of size n where

n >30 the proportion with a particular
property is p,, the 95% confidence
interval for the population proportion p
is given by

p. — 1.96 V(p.gs/ n) , ps + 1.96 V(p,q./ n)
or simply p, = 1.96 V(p,q./ n)

$6.7 Summary of Confidence Intervals

For 95% confidence interval
Population mean p variance 6* known
Xpar T 1.96 G/ \n

Population mean p variance
G2 unknown n large
Xpar £ 1.96 6" / \n where 6™ ="/ _, s2

Population mean p variance

G2 unknown n small
Xpar + t s/ \V(n — 1) where (-t t) encloses
95% of the t(n — |) distribution.

Population proportion p for n large
p. + 1.96 V(p.q,/ n)

Author’s note

The author recommends using s
instead of &



I Significance Testing I

S7.1Testing a single sample value

The methodology is

e State H, and H,

¢ Decide if one-tailed or two-tailed

e Consider the distribution given by H,
¢ Decide on the level of the test.

e Decide on rejection criteria

e Calculate the value of the test statistic
e Make conclusion

$7.2 Testing a Mean

We may wish to investigate whether a
random sample of size n with mean X,,
could have been drawn from a normal

population with mean L.

Case |

Population variance ¢ known

Use the test statistic Z = X, — 1/
(o/\n)

which is distributed as N(O, |) under the
null hypothesis H, that the true

population mean is L.

Case 2

Population variance ¢? unknown
sample size n large —say n > 30
We have the sampling distribution of
means where X, ~ N(i, s*/n)

Now since s? is unknown we use an
estimator s”? for it. We use the test
statistic

Z = (Xpar — 1) / (5" / V) which is
distributed as N(0O, |) under the null
hypothesis H, that the true population
mean is 1 with 6" = S

Case 3
Population variance c?

unknown sample size n < 30
Ass' /Yn=VnS/InV(n—1)=S/(n-
)
the test statistic becomes

Z=(XKoa—p)/ (S/V(n=1)

and the distribution is t(n — |) under the
null hypothesis H, that the true
population mean is L.

$7.3 Testing difference between
means

Consider two unpaired independent
samples of sizes n, and n;, such that

X =N(u ,0?) X;=N(u,, c? then
Kpart = Xearz ~ N(W = 12, 6%/ + 65 /
n,)

This distribution is known as the
sampling distribution of the difference
between means. The following may be
used to test whether there is a
significant difference between means.

1) If 6,> + 5, are known we use the test
statistic
Z = Xpart = Xoar2

~ (W / \/( o%n, +
G,%/n,)
which is distributed as N(O, )
2) If there is a known common
population variance such that 6,> = 6,*> =
o then
Xoart = XKparz ~ N(1 = p2 , 62(1 + '112))
and we use the test statistic
7 =
{Xbari—Xbara — (L1 — W2)} / {0\/(|/n| + '12)}



3) If there is a unknown common
population variance 2 then we use an
estimate G 2 for it where

2= (ns)2 + nysy?) / (ng + ny—2)

where s2 s;%are the sample variances.

For large samples we use the test
statistic
Z = {Xbarl - XbarZ

~ (“| - ”'2)} / {GA\/(I/nI + I/nZ)}
where Z ~ N(0, 1)

For small samples we use the test
statistic

T = {Xbarl - Xbar2

~ (“| - ”'2)} / {GA\/(I/nI + I/nZ)}
where T ~t (n, + n; —2)

S$7.4 Testing a proportion

We may wish to test whether a random
sample of size n, with proportion of
successes p could have been drawn from
a population with proportion of
successes p.

The sampling distribution of proportions
gives
Ps ~N(p, pg/n) for n large

The test statistic used is
Z=(P.-p)/V(pq/n)

which is distributed as N(0O, |) under the
null hypothesis Hy that the proportion of
successes in the population is p.

$7.5 Testing difference in proportions

Consider two random samples sizes n,
and n, with proportion of successes py,
and ps,. If the population proportions
are p; and p, and the sample sizes are
large then

Pi ~ N(pi, pigi/mi)
P ~ N(p2, p2g2/m,) so
Ps— Po ~ N(pi — p2, piqi/ni + p2qa2/ ny)

The distribution is known as the
sampling distribution of the difference
between proportions. We usually wish
to test whether the samples have been
drawn from populations which have a
common proportion p. In this case

IDsl_ PsZ ~ N(O ’ P q (|/nl + I/nZ))

Case | If p is known we use the test
statistic

Z = {Py— Po— (0} / N(pq (/i + '/r2))
This is distributed as N(O, I) under the
null hypothesis H, that the common
population proportion is p.

Case 2 If p is unknown we use an
estimate p’ for it where

P = (nips + Ny pa) / (N + 1y)
and we use the test statistic

Z={Py=Po— (O} /N(P'q" (/o1 + ')
This is distributed as N(O, I) under the
null hypothesis Hy.

$7.6 Tests for Binomial n not large

X ~ Bin(n, p). Level of test a%.
Test the single value x = r

| tailed test

Ho p=p. Reject Hyif p(X =) <
o/100

H p>po

Ho p =p. Reject Hyif p(X <r) < /100
H p<po



2 tailed test

Ho p = po Reject Hyif p(X <r) <2
o/ 100

H p#p, orifp(X>r)<'2a/100

$7.7 Tests for Poisson n not large

X ~ Po (A). Level of test a%.
Test the single value x = r

| tailed test

Ho L =X, Reject Hyif p(X =) <
o/100

Hi A>2A,

Ho A =X, RejectHpif p(X<r) <
o/100

H @ A<i,

2 tailed test

Ho A =A,Reject Hyif p(X2>r) <2
o/100

H A #A,orifp(X<r) <’ a/l00

Note in this last test inequalities are reversed
from | tailed test. Is this correct or a misprint?

$7.8 Type | and Type Il Errors

A Type | error occurs if we reject Hy
when in fact it is true.

A Type Il error occurs if we accept Hy
when in fact it is false.

l The y? Chi-Squared Distribution I

S8.1 Introduction

Consider the random variable X with

probability density function f(x) where
f(x) = K, (V2 x)""'e” "~

X has one parameter v and the constant

K, depends on this parameter.

We write X ~ %2(V)

It is very difficult to evaluate so tables

are used.

This test is used to decide how well the

observed data fits the expected data and

consider whether any difference can be

attributed to chance.

Now the comparison between the

observed frequencies (O)) and the

Expected frequencies (E) for | = 1, 2, ...

n (that is for n pairs or values or classes)

is made by considering the statistic

-3 (O—E)*/E

For large values of O; and E; this statistic

approximates to the chi-squared

distribution.

We define y%.. = 12" (O, — E)*/ E

Y2 = 0 then there is exact agreement

between the observed and the expected

data. %2 > 0 then O, and E; do not

agree exactly and for a given value of v

the larger the value of %2 the greater

the discrepancy.



$8.2 Goodness of Fit Tests

The chi-squared test can be used to
investigate whether an observed
distribution fits a well-known
distribution.

The following tests can be considered
Case la Binomial Distribution p known
Case |b Binomial Distribution
p unknown

Case 2 Poisson Distribution
Case 3a Normal Distribution

mean and variance known
Case 3b Normal Distribution

mean and variance unknown

$8.3 Contingency Tables - y* Tests

Sometime situations arise when
individuals are classified according to
two sets of attributes. We may then
wish to investigate whether the two sets
of attributes are independent or
whether there is evidence of an
association between them.

This is best explained by study of specific
examples.

I Regression and Correlation I

S$9.1 Introduction

Regression is a statistical method that
determines the strength and character of
the relationship between one dependent
variable, denoted Y and a series of other
independent variables.

If the least squares regression line y on x
is y = ax + b, then the values of a and b
are found by solving the simultaneous
equations

Yy=a)x+nb and
dXy=ayx>*+b)x

These equations are called the normal

equations for y on x — see Appendix A.

There should be an insert sheet with this
booklet showing example calculations on
a large data set.

$9.2 Least Squares Regression Line

We are looking for a potential
relationship between x and y that is y =
f(x) and we seek to determine the
function f. Given only the points we
have to “work backwards” or regress to
the original function f. Hence the
function is called the

regression function.

Define

SXY = Z(Xbar - Xi) (Ybar- yi) and

Sx = 2 (Xoar — X))’

Syy = 2.(Year = ¥1)?

Let the least squares regression line be

y =ax + b where
a =S5,/ S« and b = yp,r — a Xy

So the residual sum of squares RSS is

RSS =2 (yi —f(x))
=2(ri— (@xt b))’
= 2(Yi— (@ X+ Yoar — aXear))?
= 2 (a(Xear — @Xi) = (Yoar — ¥3))?
= %5, — 225, +S,
=S, —as,
=S, (1= S% / SuS,)



$9.3 Location x,, and y,,,

Now as the regression lineisy =ax + b
>y =a ) x + nb and dividing through by
n

dY/n=a)x/n+b

Ybar =@ Xpor + b

so plot ( Xpar » Ybar) lieson liney =ax +b
Y = Yoar = Sxy/ S (X — Xbar)

is the regression line y on x and

X = Xoar = Sxy/ Syy (Y = Yiar)

is the regression line x on y and

The notation of S, and S?, for S, is
pointless and confusing. It should be
avoided.

$9.4 Product Moment Corr. Coeff.

Covariance is defined as

Sy = ' (Z0¢ = Xeu) (7 = Your)

see Appendix B for further clarification.
The magnitude is difficult to interpret
directly so we normalise to produce the
correlation coefficient r, a dimensionless
measure.

Again consider

Y = Ybar = (Sxy / Sxx) (X — Xpar) and

X = Xpar = Sy 1'%) (Y — Yoar)

We standardise as follows

(Y = Yoar) /'Sy = (Sxy/ SxSy) (X = Xoar) / S
(X = Xear) | Sx = (S / S&)) (Y = Yoar) /'Sy
Now we move the axis to (Xpar 5 Ybar)
with X graduated in S, and Y graduated
inS,

Y = ()' - Ybar) /S)"

X = (X — Xpar) / Sk

The regression line can now be written
Y=rXand X=rY

where r =S,/ \ (SxxSyy)

r is the product moment correlation
coefficient also known as Pearson’s
product moment correlation coeff.

Note the gradients are complementary.
X =r Y makes the angle 0 with the Y
axis
Y = r X makes the angle 0 with the X
axis
$9.5 Alternative expressions for r

r =S/ V(SxS))

RSS =S, (I-S% /S«S,)

RSS =S, (1 -r?)

a =3, /S«and

c=S,/S, so

axc=8/(5«S,)

a X ¢ = r? and often written R?

$9.6 Coefficient of Determination R?

The coefficient of determination R? is a
measure of the strength of association
between two variables X and Y. For
linear regression it is the proportion
explained by the model

The following descriptors can be used
0 <R? < 0.25 very weak
025 <R* < 05 weak

05 <R?* <075
0.75 <R* < 09
09 <R*< 10
2= | is perfect correlation

moderate
strong
very strong

For linear models (R?) = (r) > where

(R?) is the coefficient of determination, a
measure in its own right whereas (r) % is
the square of the product moment
correlation coefficient.

There are special cases where R? can
yield negative values.



$9.7 Coefficients of Rank Correlation

For the data (x,, ¥1), (X2, Y2), --- (X0, ¥n)
the product-moment correlation
coefficient r = S, / V(S4S,,)

Now suppose that instead of using
precise values of the variables, we rank
the numbers in order of size.

$9.8 Rank Correlation Coefficients

These rank coefficients are often used as
a test statistic in a statistical hypothesis
test to establish whether two variables
may be regarded as statistically
dependent. These tests are non-
parametric, as they does not rely on any
assumptions on the distributions of X or
Y or the distribution of (X, Y).
Goodness of fit test and contingency
tables : ) (O—-E)?/ E; y,>

$9.9 Spearman’s Coefficient

re=1-6Yd*/n((n*—1)

d is the individual rank differences.

It is easier to calculate r, than r but less
reliable than r.

To test the significance of the calculated
value of r, we calculate the probability of
obtaining a given value of ) d°.

When we test r; for significance, a
suitable null hypothesis is Hy : p = 0
where p is the true population
correlation coefficient indicating there is
no predictable correlation between the
rankings. Tables are published showing
probabilities ) d* exceeds or is less than
certain values for different values of n.

$9.10 Kendall’s tau Coefficient

r: is a measure of rank correlation: the
similarity of the orderings of the data
when ranked by each of the quantities.

rr=S/%n((n-1)

where S is the score value obtained by
examining all of the ranking pairs. The
score value is determined by making
repeated passes through the data,
comparing ranking.

Specifically S = D sgn (xi— X;) sgn (yi—Y))
In general when there are n pairs of
ranking the maximum S score is given by
S=1+2+3+...n="%2n(n-1)

so Kendall’s coefficient is the ratio of the
actual score to the maximum possible
value.

In order to test the significance of the
calculated value or r: it is necessary to
calculate the probability of obtaining a
given value of S. Tables are available.

r: is a suitable coefficient for small data
sets say 4 < n < |0. As there are n!
calculations, r, become impracticable to
calculate for n > 10 as no Excel routine
exists.

For n > 10 the coefficient can be
considered an approximation to the
normal with the z-statistic having mean
zero and variance

{2@2n+5)}/{9n (n -1}



Appendix A Regression line gradient

Traditional approach to calculating the
least squares regression line.

Consider a number of plots, (x, , y)),
(X2, ¥2) --- (Xn » ¥Yn) Where the line of best
fit y=ax* b has already been drawn.
Consider point plot P, at (x, , y,) and the
corresponding point Q, on the line of
best fit.

Consider m, distance between P and Q
m =QP -PR/ =ax; +b-y,

m?*> =(ax, +b—-y))?

>mi2=3(@x +b-y)

This is the sum of the squares of the
residuals and the line is the least squares
regression line y on x.

m,2 is now termed

the residual sum of squares RSS

Step |

Vary b to set ) m;? a minimum.

by differentiating w.r.t. b.

ddm2/db=)2>(ax; +b-y))
=2@)x +nb-2Yy)

At minimum dY m;2/ db =0 so

> =a)Xx; +nb

Step 2

Vary a to set ) m;? a minimum

equation ©@

by differentiating w.r.t. a

ddm2/da =) 2(@ax +b-y)x

At minimumd Ym;2/db =0so

> X Yi =a)x?>+b )x equation @

So we now solve these two conditional
equations.

Solving for b
b=Qy2x*-2xy2x)/ (2 x*-(2x)?

Solving for a
a=(n2xy=2x2y)/(n2x*—(2x))
and dividing through by n?

a —_

(O xy/n = >x/n Yy/n) [ (3 x*n — (D x/n)?)
dividing through by n

a=(Xxy ="' Ix 2y) [ (X x =" (%))
©

a is the gradient of the least
squares regression line.

Appendix B Covariance

We define s,, = '/, (3(X — Xbar) (Y = Yoar)
as the covariance of (x;, y), (X2, ¥2) ...
(Xn s Yn)

and by the usual expansion and
simplification

Sy = (2X¥) /' N = Xear Yiar

Sy= (Oxy)/n=3x/nYy/n (4]
By extension we define

Sxx ~ I/n (Z(X - Xbar)2

So= 2 X2 — (2 %) I'n e

Syy = I/n (Z(y - )'bar)2

Soc= Y = (2 y) I'n

and by extension

Sxy = I/ n (Z(X - Xbar) (Y - )'bar)

substituting @ and © into © we deduce
a = s, / s« the gradient of the line
termed the regression coefficient of y on
X.

However modern terminology drops the
divisor by n and write S,,, S,y and S,,.

Robert Goodhand April 2024 o



