Introduction

e* = cosh x + sinh x

That is cosh x and sinh x are
respectively the even part and odd
part of the exponential function.
Now let x — ix and hence

e™ = cosh ix + sinh ix

but we already have by Euler

iX —

e” = cos X tisinxso
cosh ix = cos x and sinh ix =i sin x
Now let x — */; and hence
cosh x = cos ¥/,

= cos (—ix)
and given that cos is an even
function and holds in the complex
plane cosh x = cos ix and
sinh x =i sin ¥/, = i sin (—ix)
and given that sin is an odd function
and holds in the complex plane
sinh x = —i sin ix
Hyperbolic Periodicity
sinh (x + Y2im)
= sinh x cosh Y2it + cosh x sinh Yzin
cosh 2im = cos 2w =0
sinh Y2im =i sin'2m =i
so sinh (x + Y2im) =i cosh x
sinh (x + im)

= sinh x cosh im + cosh x sinh it

Periodicity Trig Functions Iss 2

coshim = cos © = —|

sinh it =isint =0

so sinh (x + in) = — sinh x

sinh (x + 3/,im)

= sinh x cosh 3/,im + cosh x sinh 3/,in
cosh 3/,it = cos 3/,m =0

sinh 3/, =i sin*/,m = —i

so sinh (x + °/ir) = — i cosh x
sinh (x +2in)

= sinh x cosh2in + cosh x sinh2irn
cosh 2in = cos 2nt = |

sinh 2it =isint =0

so sinh (x + 2iw) = sinh x

cosh (x + 2im)

= coshx x cosh 2in + sinh x sinh
Vaim

cosh 2im = cos /2m =0

sinhx Y2im = isinY2m =i

so coshx (x + Y2im) =i sinh x
cosh (x + im)

= coshx x cosh it + sinh x sinhx in
coshim = cos © = —|

sinh it =isint =0

so cosh (x + int) = — cosh x
coshx (x + */,im)

= coshx x cosh %/, +

sinh x sinhx 3/,int



cosh 3/,imt = cos 3/,m =0

sinh 3/,im =i sin*/,m = —i

so cosh (x + °/ir) = — i sinh x
cosh (x +2im)

= cosh x sinh2in + sinh x sinh 2in
cosh 2int = cos 2wt = |

sinh 2it =isint=0

so cosh (x + 2in) = cosh x

So for sinh and cosh each Yzin
advance in phase cosh — sinh and
sinh — cosh and the factor i is
introduced. So after 4 x Yzin the
cycle completes.

Circular Periodicity

sin (x + /2m)

= sin x cos Yam + cos x sin Y27
cos am =0 sin Yam = |
so sin (x + /27) = cos x
sin (x + m)

= sin X cos T + cos X sin T
cos = —I sint=0
so sin (x + 1) = —sin x
sin (x + */,m) AA

= sin x cos */,m + cos x sin 3/,n

cos }Hhm=0 sin 3/t = —1
so sin (x + */,n) = — cos x
sin (x +2m)

= sin X cos21 + cos X sin271
cos 21t = | sin2n =0

so sin (x + 271) = sin x

cos (x + /2m)

= cos X cos Yam — sin x sin Va7

cos am =0 sinx 2w = |
so cosx (x + /2m) = —sin x
cos (x + m)

= €OSs X €OS T — Sin X sin T

cos = —| sint=0

so cos (x + ) = — cos x

cosx (x + */,in)

= cos X cos */,7 — sin X sinx /L7
cos },m=0 sin /,m = —1
so cos (x + */,m) = sin x

cos (x +2n)

= cos X €os 27 — sin x sin 27
cos 2nt = | sin2n =0

so cos (x + 21) = cos x

So sin and cos display a certain
asymmetry. For each '2m advance in

phase cos — —sin but sin — cos. So

after 4 x 2w the cycle completes.

Conclusion
Both sin/cos and sinh/cosh have a 27
/ 2int periodicity but for slightly

different reasons o rg
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